The hexagonal ZrNiAl-type (space group: P and Sn[1/2 00 1/2 1/2]. In the 3-dimensional space, the quasicrystal is composed of three types of columns, of which c-projections correspond to a square, an equilateral triangle and a 3-fold hexagon. They are fragments of two known crystals, the hexagonal α-YbPdSn and the tetragonal Yb 2 Pd 2 Sn structures. The model of the hypothetical quasicrystal may be applicable as a platform to treat in a unified manner the heavy fermion properties in the two types of Yb-based crystals.
Introduction
The concept of "approximant" introduced by Elser and Henley [1] established relationship of some complex but periodic structures to quasicrystals. The relationship stems from the identity of the building structural motifs/units that form periodic arrangements in the "approximant" crystals, and lack translational periodicity in the quasicrystal phase. In the framework of the projection method [2] [3] [4] , the quasicrystal is described as an incommensurate projection of a higher-dimensional crystal onto "real" or "physical" subspace, while an approximant arises from slightly distorted hypercrystal; the corresponding distortion is called linear phason strain [5] .
In the history of quasicrystal research, approximants served three important roles; firstly the existence of such crystal phase indicated possible existence of quasicrystal at a similar composition. Secondly it provided detailed and direct access to the structure of the building blocks shared between approximant and quasicrystal phases. And thirdly, whenever both quasicrystal and approximant phases were available, comparison of their properties highlighted features that were specifically due to the aspect of quasiperiodic long range order.
The recent discovery of unconventional quantum criticality in the Au-Al-Yb quasicrystal is a typical example of the application of the relation between the quasicrystal and the corresponding approximant [6] . While the magnetic property of the approximant is sensitive to pressure and the quantum criticality emerges at the limiting pressure of around 2.0 GPa, the quantum criticality of the quasicrystal phase is insensitive to the pressure [7] . This difference possibly originates from the critical character of wave functions of electrons in the quasicrystal. Testing this hypothesis requires accumulating further knowledge in wider range of materials.
In this paper, we will treat two types of structures containing Yb. One is hexagonal ZrNiAl-type (space group: P around 600 ºC [10] . This crystal exhibits valence-fluctuation, and also antiferromagnetic order at very low temperature, T N =200 mK [11] . Recently, the isostructural YbAgGe was reported to show quantum bicriticality [12] . The tetragonal Yb 2 Pd 2 Sn also shows interesting properties related to valence-fluctuation. This crystal exhibits pressure-driven, or composition-driven, two quantum critical points [13, 14] . In this structure Yb atoms are located at the vertices of triangle-square tiling, and the magnetic property of this type of structure was discussed from the viewpoint of geometrical frustration forming the Shastry-Sutherland lattice [15] . Although these two phases are frequently formed as adjacent phases in several alloy systems including rare-earth elements or actinides [16, 17] , their physical properties have been discussed individually.
In this paper it will be shown that these two types of structures can be understood as approximants of a unique dodecagonal quasicrystal that has not been synthesized yet. The structure model may be useful in order to study physical properties of Yb-based valence-fluctuating crystals related to the quasicrystal.
Structural properties of α-YbPdSn and Yb 2 Pd 2 Sn
Figs. 1a and b present structures of α-YbPdSn and Yb 2 Pd 2 Sn, respectively. The former is hexagonal with the lattice parameters a h =7.590 Å and c h =3.770 Å [10] . The latter is tetragonal; a t =7.589 Å and c t =3.635 Å [8] . Both are layered structures with atoms located at z=0 and 1/2, and stacked along their respective c-axes with period agreeing to within 4%.
The c-projection of the hexagonal α-YbPdSn reveals that linkages between Yb atoms (in z=0 layer) separated by 4.01Å define periodic tiling of two tiles, equilateral triangle and the shield -a 3-fold hexagon. The triangles are centered by a Pd atom at z=1/2, while shields are decorated by Sn triangles in z=1/2 layer and centered by another Pd atom at z=0. There are two crystallographic sites for Pd that are named Pd 1 and Pd 2 as shown in Fig. 1a . The interior angles of the shield are 82º and 158º. On the other hand, Yb atoms connected by the 4Å edges in the c-projection of the tetragonal Yb 2 Pd 2 Sn structure reveal tiling of squares and triangles. While the triangle tile is just like in the α-YbPdSn centered by a Pd atom at z=1/2, the squares are centered by a Sn atom (z=1/2) at its center (site Sn 2 in Fig. 1b) . In this case, edge length of the square is 3.97 Å, and the triangle is not exactly equilateral with two edge lengths of 3.70 Å and 3.97 Å. They correspond respectively to slightly distorted unit cell of CsCl-type structure and a half unit cell of AlB 2 -type structure (see Fig. 89 in ref. 16 ).
The actual shapes of these three kinds of tiles depend on alloy systems. However we could naturally define ideal tile shapes by their generic symmetries (including their "decoration" -atomic motif bound to them) when they are isolated from the surrounding context: the triangle tile is equilateral with 3m symmetry, square with 4mm, while the shield tile has only 3-fold rotation. We further notice that the shield tile can be interpreted as an intergrowth of three square tiles overlapping near their missing corner: it then follows that the ideal shield tile will alternate internal angles of π/2 and 5π/6. Since edge-to-edge assembly of any of the three idealized tiles is entirely plausible (at least in terms of interatomic distances), we hypothesize existence of a phase with c=3.72 Å, whose structure can be described in c-projection as a combined tiling of all three kinds of tiles, with a=4.00 Å edge length, and featuring global 12-fold symmetry (with 3 families of squares, 4 families of triangles and shields, each related by π/6 rotations).
In the following we demonstrate, firstly that a model of such 12-fold symmetric quasicrystal is actually constructed using three kinds of tiles, and secondly that the two crystal structures formed in Yb-Sn-Pd system result from the application of linear phason strain to the quasicrystal model; in other words, the two structures are approximants of an as yet undiscovered dodecagonal quasicrystal.
Projection method to relate approximants to dodecagonal quasicrystal
Before constructing the structure model of the quasicrystal, the projection method is briefly reviewed. The 3-dimensional dodecagonal quasicrystal is regarded as a periodic stacking of 2-dimensional quasiperiodic tilings along the 12-fold symmetry axis. A structure model of the quasicrystal is obtained from the 5-dimensional periodic structure with two lattice parameters, a DD and c [18] [19] [20] . In this method, the lattice points in the 5-dimensional space is first projected onto the 2-dimensional phason space for selection. If the projected point is located inside the acceptance region W, or window, defined in the phason space, the corresponding quasilattice point, r // , appears in the 3-dimensional physical space. " a n // , and
Here ! a n // and ! a n" are the physical and the phason components of vector ! a n , respectively (see Appendix 1 for details). The set of integers {m n } is an index of the lattice point. If one adopts a dodecagon as an acceptance region, presented in Fig. 2a , with a radius of a DD /√2, Shield tiling appears in the c-projection in the physical space. This tiling consists of three kinds of tiles with the common edge length a=a DD /√2; the square, the equilateral triangle and the shield [18] . A periodic lattice corresponding to an approximant is obtained from the same 5-dimensional lattice, when the linear phason strain D is applied appropriately [5, [19] [20] [21] .
The atomic model of a quasicrystal or an approximant can be derived by adding atom positions in the 5-dimensional unit cell, and also by defining the corresponding acceptance regions.
In order to apply the projection method, atomic positions in the two structures, α-YbPdSn and Yb 2 Pd 2 Sn, are indexed using five vectors a n// presented in Fig They are summarized in the second column in Table 1 . These atomic positions are special points of the 5-dimensional dodecagonal lattice, and correspond to those of 2-dimensional quasilattice classified by Niizeki [22] . The multiplicity of each site is listed in the third column in Table I .
The shape of each acceptance region is also determined referring to the structures of the two approximants. Table I satisfy the point symmetry 12/mmm. Then the space group of the 5-dimensional crystal is P12/mmm [19, 20] .
Using these acceptance regions, the 3-dimensional model of a hypothetical dodecagonal quasicrystal is constructed by the projection method (see Fig. 3 ). It is noted that there is no atomic cluster with local 12-fold symmetry in this model, while many dodecagons with edge length a are embedded. The alloy composition is Yb:Pd:Sn = ! 1+ 3 2 : 1+ 3 2 :1, which is calculated from the areas of the acceptance regions presented in Table I . This composition is in between α-YbPdSn and Yb 2 Pd 2 Sn.
The structure factors
( ) were calculated from the 5-dimensional structure using the standard method [19, 20] 
Their derivations are described in Appendix 2. The fact that all atomic positions in the two structures are generated from the common 5-dimensional crystal indicates that they are certainly approximants of the dodecagonal quasicrystal.
Discussion

Geometrical characteristics of the dodecagonal quasicrystal
In this section geometrical characteristics of the present quasicrystal model will be examined concerning with local atomic arrangement as well as tiling.
Comparison of the present model with other dodecagonal quasicrystals may reveal its uniqueness.
In general, the ideal structure of a quasicrystal is understood as a quasiperiodic arrangement of local structural motifs, tiles in this case, with fixed atomic decoration. The chalcogenide Ta 1.6 Te is another example of triangle-square tiling [25] , while this quasicrystal consists of wavy layers stacking along the 12-fold axis [26] . If one views arrangement of Ta atoms along the axis, the projection of the structure is quite similar to that of Mn-based quasicrystal. The edge length is approximately 5.2 Å. Also in this quasicrystal, the larger dodecagonal arrangement formed by Ta and Te atoms can be found, which is again similar to attached to all four of its edges, forming a square-star composed supertile, and every shield shares all of its boundary edges with six triangles, composing shield-star supertile. These supertiles are outlined blue in the right bottom part of Fig. 3 , and the square-star supertiles are highlighted in light-blue color in Fig. 3 . The only spaces left are shield tiles that have six triangles on their edges forming shield-star. In Appendix 3 we prove, that entire quasicrystal structure is covered by these two supertiles.
While our dodecagonal tiling satisfies the covering requirement for the two star supertiles found in crystal approximants, such covering does not enforce quasiperiodic ordering; indeed it is easy to construct periodic/crystalline coverings by the two supertiles. Intriguingly, entire tiling patch from Fig. 3 is simultaneously covered by a single supertile -a dodecagon with a pair of shields inside of it, presented in Fig. 5a . A closely related covering by a single type of dodecagonal patch has been recently proposed by Liao with coworkers [27] ; our shield tile always resolves into a square, a pair of triangles and a thin rhombus tile in their model. The possibility of single-cluster covering using the dodecagon patch in Fig. 5a is of high relevance, since energetic favorability of such motif may play role of quasiperiodic order selecting factor [28] [29] [30] .
In the present structure model based on the shield tiling, the number ratios of three tiles are fixed. However, geometrically, it is possible to reduce shield tiles by combining pair of them into three squares and four triangles: the dodecagonal supertile shown in Fig. 5a is converted to another dodecagon ( Fig. 5b ) with six squares plus twelve triangles. By this replacement one vertex is created where Yb atom is located. In other words, the shield tile is regarded as a pseudo-vacancy defect. In a general dodecagonal tiling, the number ratio of shield tiles (hence alloy composition, too) is controlled by an extra free parameter.
Metallurgical approach to new type of dodecagonal quasicrystal
The above discussion about the new type of dodecagonal quasicrystal is purely based on geometrical consideration. In this section we will discuss possible approach how to realize it in actual alloys. The primary question is which alloy system we should select for the exploration. In the recent database [17] , the hexagonal ZrNiAl-type and tetragonal Mo 2 FeB 2 -type structures can be found in more than 560 and 280 ternary alloy systems, respectively. Among them, both types are formed in more than 120 alloy systems. They are mainly rare-earth alloys containing noble or transition metals as the second component, and main group elements such as Mg, Cd, In, Sn and Pb as the third component. They are listed in Table II . In these alloy systems, two types of structures tend to form as adjacent phases, and these should be candidates for exploration. Further criteria for packing the three kinds of tiles are as follows: periodic repeat along the c-axis must be equal or at least approximately equal, namely c h ≈c t . The edge lengths of tiles are also expected to be equal, and this condition may be examined indirectly by checking equality of lattice parameters a h and a t , because they are exactly the same in the ideal case. In addition to these conditions, the interior angles of tiles may be important. In Table II the ranges of two ratios, a h /a t and c h /c t , are listed for each alloy system. The ratio of c h /c t is always lager than unity, and near-equality can be found in few systems. With respect to the ratio a h /a t , in some alloys the equality condition is fulfilled, for example in R-(Ni, Cu, Rh, Pd)-In and R-Pd-(Sn, Pb) systems. According to the available information of the hexagonal structures, the obtuse interior angles of the shield tiles range from 149º to 158º that should be 150º in the ideal model. In the case of the tetragonal structures, the interior angles of the isosceles triangles range from 54º to 59º, and they are slightly smaller than the ideal one 60º. One of the candidates satisfying almost the length conditions is Er-Ni-In system with a h /a t =1.011 and c h /c t =1.019, while the angles are 156.2º
and 55.9º. Some local relaxation seems to be necessary to form the dodecagonal quasicrystal.
These matching criteria of tiles are merely local conditions, and for the formation of a quasicrystal the tiles need to be arranged in quasiperiodic manner. Such quasiperiodic structure may be formed as a low-temperature phase, because the long-range order is 
Relationship between quantum criticality and quasicrystal-related structures
Hereafter we will discuss structural properties of some Yb-based crystals, which suggest hidden relationship between emergence of quantum criticality and formation of structures related to a quasicrystal. This argument is based on curious coincidence in valencefluctuating crystal/quasicrystal. The keyword is "quasicrystal-related". Examples treated here are α-YbPdSn and Yb 2 Pd 2 Sn, polymorphous α-and β-YbAlB 4 crystals, and the icosahedral quasicrystal and its cubic approximant crystal in Au-Al-Yb alloy. As already mentioned in Sec. 1, the former two crystals or the isostructural YbAgGe exhibit intriguing physical properties related to quantum criticality, and they are approximants of a dodecagonal quasicrystal as mentioned above. The Au-Al-Yb approximant and the icosahedral quasicrystal may be the most typical examples of this relationship [6, 7] . With respect to α-and β-YbAlB 4 , is there any structural relationship to a quasicrystal ?
The possibility of a 7-fold heptagonal quasicrystal has been discussed in the case of Boron-based alloys, and the following crystals were listed as an approximant; YCrB 4 (space group: Pbam) and ThMoB 4 (space group: Cmmm) [20, 31] . In their c-projection, both structures are regarded as tilings of a unique distorted hexagon with almost equal edge lengths and two interior angles approximately 4π/7 and 6π/7, while the hexagons are arranged in different manner in the two structures. The hexagon can be related to two-dimensional heptagonal tiling, Fig. 1 in [32] , consisting of three kinds of rhombuses with equal edge lengths and acute angles π/7, 2π/7 and 3π/7 (see also Fig. 1 in [31] ). The heavy fermion α-and β-YbAlB 4 are isostructures to YCrB 4 and ThMoB 4 , respectively. In β-YbAlB 4 structure [33, 34] , Yb atoms at z=0 form the distorted hexagon, and seven-member ring consisting of B atoms (z=1/2) is centered at each vertex of the hexagon in the c-projection.
The interatomic distances of B atoms range between 1.73 and 1.89 Å, and the seven-member ring is regarded as a distorted heptagon. The structure of α-YbAlB 4 has similar feature. Then, α-and β-YbAlB 4 are regarded as approximants of a heptagonal quasicrystal. It is noted that B atoms also form pentagonal arrangements, and the interpretation as approximants of a decagonal quasicrystal is also possible [35] . The β-YbAlB 4 is remarkable crystal exhibiting quantum criticality at ambient pressure without tuning, namely no application of pressure or magnetic field, or no addition of minor element [33] . This feature is very unique and is observed also in Au-Al-Yb quasicrystal, but in no other crystal.
For the present moment, the origin of this curious coincidence is not known. There may be several reasons depending on individual systems; special local environments of Yb atoms (related to pseudo symmetric cluster for example), their variety in complex structures, or proximity to long-range quasiperiodic order. The former two may be important with respect to hybridization between 4f-and conduction electrons as discussed in [36] . In order to investigate such relationship between structures and physical properties, the present structure model of a dodecagonal quasicrystal may have advantage. Three kinds of tiles have very simple decoration of atoms, and the gradual approach from simple structure (lower order approximant) to the perfect quasicrystal is possible by applying linear phason mechanism. By this approach, the role of critical character of wave functions in a quasperiodic system may be clarified.
Conclusion
We have demonstrated that α-YbPdSn and Yb 2 Pd 2 Sn structures can be regarded as approximants of the hypothetical dodecagonal quasicrystal. The Yb-Pd-Sn alloy system treated here is merely an example, and the same argument is shared among as many as 120 ternary alloy systems with stable ZrNiAl-and Mo 2 FeB 2 -type phases [17] . The quasicrystal combining structural motifs from these crystal structures in a subtle quasiperiodic manner may provide new clues in search for genuine causes of the relation between emergence of the quantum criticality and the formation of the quasicrystal-related structures.
Appendix 1
Several schemes have been used for indexing of a dodecagonal quasicrystal [18] [19] [20] [21] [22] [23] [24] . In these schemes, the parameter sets, 
Here a DD and c denote the lattice parameters of the 5-dimensional lattice. The parameter a DD is related to the common edge length, a, of the square, equilateral triangle and shield as follows;
The parameter c denotes periodicity along the 12-fold axis. The physical components of the lattice vectors are expressed as follows;
Their phason components are
Here e n (n= 1~5) denote orthonormal basis. The three vectors e 1 , e 2 and e 5 are embedded in the 3-dimensional physical space and the rest two vectors in the 2-dimensional phason space. These vectors are illustrated in Figs. 1 and 2 . Then, the lattice vectors a n of the 5-dimensional dodecagonal lattice are expressed as follows by using the matrix M.
*: In some cases, similar expression is used for the definition of the reciprocal lattice vectors ! a n * in stead of the lattice vectors Thus, the physical components of the reciprocal lattice vectors illustrated in Fig. 4 are
("e 1 + 3e 2 ).
The reflection of the quasicrystal is indexed using five integers h n , n=1~5, as follows;
" a n// * .
Appendix 2
The linear phason strains, D h and D t in (3) and (4), are derived as follows. In the case of hexagonal α-YbPdSn, the lattice vectors a h and b h are expressed;
Corresponding vectors, 
In order to generate the periodic structure, the linear phason strain D h needs to compensate the displacement in the phason space, and the matrix D h should satisfy the following conditions; 
Appendix 3
The Shield tiling presented in Fig. 3 is regarded as covering with two kinds of supertiles, square-star and shield-star. This covering interpretation is proved from the following properties of the shield tiling by applying one-to-one correspondence between the physical and the phason spaces;
1. A square in the physical space appears invariably as a part of a square-star. In other words, it is always accompanied by four surrounding triangles. This can be proved from the fact that the acceptance region for the square-star is just a square in the phason space exactly the same as that for the simple square (see the central square in Fig. 2d ) .
2. An equilateral triangle in the physical space has at least one square attached on its three edges. The acceptance region for the triangle is a shield in the phason space (see Fig. 2b ).
This acceptance region is divided into three parts as presented in Fig. 6 . The central region painted orange corresponds to equilateral triangles with three attached squares. The outer (blue) and middle (green) regions correspond to those with single and two squares, respectively. Considering the above property 1, all equilateral triangles must have at least one parent square-star.
From these properties, it is shown that if one paints all square-stars in the shield tiling as in Fig. 3 , only one type of tiles, namely the shield, remains unpainted. Furthermore, it is proved that a shield in the physical space appears invariably as a part of a shield-star. Accordingly, the shield tiling is covering with two supertiles, the square-star and the shield-star. Subdivision of the acceptance region for equilateral triangle. The region with shield shape is divided into three parts according to the number of squares surrounding a triangle. 
